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Abstract- In this paper, sets that form finite fields, were
extracted from the set of integers modulo n, where n is finite
composite number, by using Brain doan techniques.
Previously Brain Soan invented unique technique to extract
cyclic multiplicative groups from U(n), using isomorphism
and number theory results. Smilar techniques were used to
create computer programs, which construct sets, those form
finitefields.
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I.INTRODUCTION

Finite Field Theory from its inception by Galoig 8],
became a fundamental mathematical activity for many
Mathematicians.Finite fields provide lot of impetus and
applications in number theory, agebraic geometry, Galois
Theory, finite geometry, cryptography and coding theory.It is
easy and simple to understand, Zp the set of integers modulo
p, where p is a prime number, is a Finite Field or Galois
Field[20][8],[10]. These can be verified by the computer
software, by constructing additive group of whole set and
multiplicative group of non-zero elements of Zp. In this paper
we concentrate on the extraction of the sets from the set of
integers modulo n, (n is a composite number), which form
finite field, with the binary operations +, and X,.In my
previous article, | used the technique of removal of zero
divisors from the cyclic subgroups of additive group Zn,
where n is a composite number. As usual theresults mentioned
in this research work aso, originated from earlier literature
mentioned in the references.Computing and verification of
agebraic structures using programming languages is aso an
interesting intellectual and mathematical challenge. In this
direction we find very less literatures, but have prime
importance in modern world. At the outset, inspired by the
article entitled, ” All Cyclic Subgroups In Group (ZwXZ,, +)
Using Python” , by the authors Bobbi Rahman, SamsulArifin,
IndrabayuMuktyas[16] | started search for programming
techniques for algebraic structures. As mentioned in my earlier
paper, most of the material were brought from the works of,
Nor MuhainiahMohd Ali, Deborah Lim Shin Fei, Nor
HanizaSarmin, ShaharuddinSalleh, entitled, “ A VISUAL
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MODEL FOR COMPUTING SOME PROPERTIES OF U(n)
AND Zn”[17]. My interest in finding those subsets of Z,,
(where n is not a prime number), that form multiplicative
groups under the binary operation multiplication modulo n
(X, took shape from the article entitled, “ON THE NUMBER
OF CYCLIC SUBGROUPS OF A FINITE GROUP”, by the
authors Mohammad Hossein Jafari and Ali Reza Madadi,
Then the research paper entitled,” MULTIPLICATIVE
GROUPS IN Z,”, by the aouther, BrianSloan [5], gave a
fresh impetus over the subject and provided a clue to write C
program.Initially | framed Scilab programs to compute
additive cyclic groups, then those sets forming finite field
were obtained by removing zero divisors. Later, using
Brain Sloan technique, The multiplicative subgoups of Zn,
where n is not prime (composite) number, are computed.
Then the additive identity element is added to the same
multiplicative group, then the new set is verified for
characteristics of Field. All the initia terms, terminologies
and results used are brought from the earlier research papers,
on the same lines of researchpaperg[17],[16],[20]).

Throughout dl groups are assumed to be finite. A
group is a non-empty set G with a binary operations *, that is
closed, associative, includes an identity element and each
element in G, has an inverse. ldentity element refers to an
element ‘e’ (called the identity) in G such that a*e = e*a=a for
al ain G. Inverses. For each element a in G, there is an
element b in G (caled an inverse of & such that a*b=b*a=e.
Gallian [8] has shown that the identity and inverse of any
elements on a group are unique, and also cancellation laws
holds in the group. If a group G, has another property
a*b=b*a, for any aand b in G, then we said that group G is
commutative. The basic properties of groups are used as given
in[8], [10] and [20]. A cyclic group G isagroup in which any
element g in G can be written as g" for n = 1, 2,...0(G).
Furthermore, the characteristics of cyclic groups were
mentioned in resources[20], [10] and [8]. Subgroup is a non-
empty subset H, of a group G which is aso a group with the
same binary operation as in G. For an element “a’ in the group
G (i.e, ae G), we can form a subset S that contain all those
elements of G which are of the forms, &' for n=1, 2,... . This
subset forms a subgroup in G, and called a cyclic subgroup
that generate by a. Recall that any cyclic group is commutative
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and subgroups of a cyclic group are also cyclic. The set of al
integers modulo n, denoted by Z,, is a group of modulo
addition operations. The group (Z, , +,) are constructed using
the division algorithm on the set of al integers. This process
can be studied in [8][10] and [ 20]. Furthermore, the formation
process of the group (Z,,XZ,,x+) can be studied in [8] and
[20]. Representing groups and their internal structures, using
computers is aso one of the present needs. This will help both
in understanding group theory and invent more agebraic
structures, with less human efforts. Scilab is one of the
application package made for the Mathematical and Statistical
computations, based on C and Frotran. So initialy, | wrote
programs in Scilab. Python is the best suited and current
trending programming language used for Mathematical
computations. Python is a multipurpose programming
language and easy to study (see [18]). Python can aso run on
various operating system platforms, such as Windows, Linux,
Mac OS, Android (see [18]), and the others. Furthermore,
study of the C, Python programs which are the focused results
of this paper and its output will be discussed. The man
technique used here, never computes factors of n, and order of
elements, before generating the required groups. This is the
major deviation from the earlier results. Following the
definitions of cyclic groups and the generator of a group, the
additive as well as multiplicative groups were constructed,
from Z,, removing redundant sets or groups. An element ain
G is taken and the cyclic group generated by ‘a’ denoted as
<a> is computed, using both additive and multiplicative
integer modul o operations.

The research article [5], induces many curious facts
regarding the multiple groups of Z,, where n is not prime. It
reveals many multiplicative groups under multiplication
modulo m, which are may be cyclic and may not be cyclic. Let
us take one example, from the additive group of Z,, under
+40, as mentioned in the research article[5]. Consider the set
{8,16,24,32}which is a group under X,o, as revealed by the
following composition table,

Xu| 8 [16] 23 ] 32 ST TR =3
8 |24 8 | 3216 e I R v
16 ; :j %g 383 8§ 8 |16 24 32 0
Rl ot 1616 | 23 | 52 B
2 2 2324320 8 |16

— [ 32 8 | 16| 24

It is sufficient to comprehend, from the above table
that the set S={0,8,16,24,32} form a field under the binary
operations +40 and X40, with 0 and 16 as the additive identity
elements respectively. A similar example is the with the set
T={0,4,8} inthe set Z;, with 0 and 4 as the identity elements
of +1, and X1,. From the works of Brain Sloan[5], we get only
periphera ideas, not centrally focused on the multiplicative
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subgroup. A typical example again arises from the set Z4, as
mentioned in the same paper[5]. Consider the set
$={0,5,10,15,20,25,30,35} which forms a additive group
under+40. But the set S1={5,10,15,20,25,30,35} does not
form a group under multiplication X40. Again if you consider
the subsets of S1, say S2={5,15,25,35} and S3={5,25} both
will form a group under the binary operation X,,. Such curious
facts, leads to high potential thoughts having multiple
direction, even consisting of number of groups that can be
formed from the set of Z,,, where n is not a prime number. So
in this paper, without giving prime importance to the
theoretical aspects of group theory, | concentrated only on
extraction of those sets, which with zero (say S) form a
additive group under +, and without zero(S-{0}) form a
group under X

II.METHODS, RESULTS ANDTECHNIQUES

In this paper, for method 1, initialy given n is tested
as aprime or composite number, if nis prime, then Z, itself is
afinite Field(Prime field). The program displays the set(Field)
members. Displays the multiplicative subgroups of Z, — {0}
and terminates. When n is not a prime number, without going
deep in the theory of groups, both the additive subgroupsin Z,,
and multiplicative groups in Z, — {0} are generated by each
element of the bigger set Z,. Later, only distinct additive
subgroups of Z, removing zero divisors are tested for
multiplicative groups. Those subgroups and multiplicative
groups were considered, to test the field property. Hence the
finite Fields of the Z, are computed. In the next Method 2, the
cyclic multiplicative subgroups of Z,, where n is not prime,
were computed by using Brain Sloan technique. Then from
the cyclic multiplicative subgroups, by adding zero, we verify
for the additive subgroup. If al the elements of the set form
additive subgroups and non-zero elements form the cyclic
multiplicative subgroup, then it will be Field.Computer
programs to compute both the number of Fields and Fields in
the set Z,, are written in Scilab, later in C, Phython.

I11. ALGORITHM

A simple algorithm of both method 1 and method
2, are given before converting the same into high language
program. In method 1, the algorithm has following steps.

a. Readn,

b. Test n as a prime, if n is prime then display the
elements and print Z, itself aprimefield. Stop.

c. If nisnot prime, then find the factors of n,

For each factor of n, find the cyclic additive subgroup

generated by the factor under +,.

o
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e. From the additive cyclic group generated remove
zero(additive identity element), then verify that the
non-zero elements form the multiplicative subgroup
under Xn.

f. If both d and e steps holds then, the subgroup becomes
afiddintheset Z,.

Method 2, agorithm is based on the Brain Sloan
Technique of finding multiplicative cyclic subgroups in Z,,
where nisnot aprime.

1. Readn

2. Veify nisaprime number or not

3. If nisaprime number, display Z, isafield

4. Elsefind thefactorsof n, asf[i], fori=1,2,..n/2

5. For each factor f[i], find the unit elements U(i) of the
ring

6. The number elements (say, L) in the set U(i)+{0} is
counted.

7. If Lisp, or p, for some prime number then the set
U(i)+{ O} isverified for the field property

8. Else U(i) forms only a multiplicative group, under the
binary operation X,

9. Stop.

V. SOURCE CODE

Consider the following source code in Scilab, which
produces cyclic additive subgroup generated by each element
in the group of Z,, where m may be prime or composite
number. The subgroups generated are redundant as both a and
a’ generate the same subgroup.

cle();

n=input('n=");

ifmodul o(n,2)==0then

k=n

else

k=n+1

end

flag=1

fori=1:k/2
ifmodulo(n,i)==0then
flag=0

break;

end

end

ifflag==0then

printf("nis not aprime\n")
printf (" hence there are additive subgroups\n™)
G=[0:n-1];

disp(G);
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fori=1:n-1

ifmodulo(n,i)==0then

t(i)=i

H(i,1)=t(i)

printf("%d\t",H(i,1))

k(@i)=1

forj=2:n
H(i,j)=modulo(t(i)+H(i,j-1),n)
printf("%d ",H(i,j))

ifH(i,j)==0then

break

end

k(i)=k(i)+1

end

s(i)=k(i)+1

printf("A subgroup of order %d\n",s(i))
printf("\n")

end

end

fori=1:n-1

ifmodul o(k(i),2)==0then

u=k(i)

else

u=k(i)+1

end

flag=1

forj=1:u/2

ifmodulo(k(i),j)==0then

flag=0

printf("%d is not prime\n” k(i))
printf("there are multiplicative subgroups\n")
break;

end

end

ifflag==1then

printf("%d is a prime\n”,k(i))
printf("there are nO multiplicative subgroups\n)
end

ifk(i)==2then

forl=1:k(i)

printf("%d\t",H(i,l))

end

end

end

else

printf("nis a prime number\n™)
printf("Hence Zn itself isafield \n")
printf("there are no additive subgroups\n")
end

The output for Z,4 is given below.
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n=24

0.1 2 3 4 5 6.7 8 9 10 11. 12. 13. 14
15. 16. 17. 18. 19. 20. 21. 22. 23.

1234567 8 9 10 11 12 13 14 15 16 17 18
19 20 21 22 23 0 A subgroup of order 24

24 6 8 10 12 14 16 18 20 22 0 A subgroup of
order 12

36 9 12 15 18 21 0 A subgroup of order 8
48 12 16 20 0 A subgroup of order 6

6 12 18 0 A subgroup of order 4

8 16 0 A subgroup of order 3

12 0 A subgroup of order 2

Note that subgroups of same orders, generated were
reoccurred. But properly writing the source code, the
reoccurrence can be removed. Another change from the
previous literature, introduced was the factor of n and order of
the elements were not used here. My main intention is only to
concentrate on the finite fields, extracted from the set Z,,
where m is not prime. This intension is achieved only simple
facts of group theory and characteristics of Fields. Use smple
mathematical open source software was used to compute such
finitefields.

V.CONCLUSION

The conclusions that can be obtained from this study
are as follows: a)Finite Prime fields from the set of integers
modulo n (Z,) were computed. b) Using the Scilab or Python
program, we can determine al cyclic subgroups and Finite
fields of the group or set ( Z,x,+n) €asily. ¢) From the program
that has been created, the maximum number of Finite fields
may be verified. d) Further the same technique may be
extended to verify, whether the finite prime fields,
characteristic fieldsin Direct product of groups exit or not.
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