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Abstract- The Concept of Detour Dominating Setof a Graph
was introduced in [10].A subset S of vertices in a graph G is a
called a detour dominating set if S is both a detour set and a
dominating set. The detour domination number ¥z=(C ) is the
minimum cardinality of a detour dominating set. Any detour
domination of cardinality ¥z=(&) is called ¥2n — s€t of G.
In this paper we introduce the new concept of
IndependentDetour Dominating Set of Graphs.A detour
dominating set S of G is said to be an independentdetour
dominating set of G if the sub graph induced by S is
independent. The minimum cardinality among all independent
detour dominating sets of G is called the independent detour
domination number of G. It is denoted by fen (6 The
independent detour dominating set of cardinality 14 (G)jg

called an tzn — 8% of G.In this paper, we study independent
detour domination on graphs.

Keywords- Domination,detour, detour dominating set, detour
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I. INTRODUCTION

We consider finite graphs without loops and
multiple edges. For any graph G the set of vertices is denoted
by V(G) and the edge set by E(G). We define the order of G by
n=nlC) = VE)| and the size bym = m(E) = |E(G)]
For a vertex¥ € V(&) the open neighborhood N(v) is the set

of all vertices adjacent to v, and N[v] = N(v)“{v} is the closed
neighborhood of v. The degree d(v) of a vertex v is defined by
d(v) = [N(v)|. The minimum and maximum degrees of a graph

G are denoted by § = (6} and 4= A(G), respectively.

For X € V(&let G[X] the sub graph of G induced by
X, N(X) = Y==xN(x) and N[X]="==xN(x).If G is a connected
graph, then the distance d(x, y) is the length of a shortest x —y
path in G. The diameter @1am(G) of a connected graph is
defined by diam(G) = M@ xyeri@d(%.¥) An x — y path of
length d(x, y) is called an x — y geodesic. A vertex v is said to

lie on an x — y geodesic P if v is an internal vertex of P. The
closed interval I[x, y] consists of x, y and all vertices lying on
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some x — y geodesic of G, while for ¥ < V(&) |[s] =

syes 1Y) f G is a connected graph, then a set S of
vertices is a geodetic set if I[S] = V(G). The minimum
cardinality of a geodetic set is the geodetic number of G, and
is denoted by g(G). The geodetic number of a disconnected
graph is the sum of the geodetic numbers of its components. A

geodetic set of cardinality (67 is called a 8(6) —set. [, 2,
3,4,6].

For vertices * and ¥ in a connected graphC, the
detour distance 2 (*.¥) is the length of a longest * — ¥ path
inG. For any vertex YofC, the detour eccentricity of
ujgep () = maxf{D(w,v):v €V} A vertex v of € such that
DCu,v) = eplu) js called a detour eccentric vertex of
“-Thedetour radius® and detour diameter? of Care defined
by R =rad,G = min{ e(v):v € V} and
D = diamp G = max{ elv):v €V} respectively. An*—¥
path of length 2(*.¥) is called an * — ¥ detour. The closed
interval {o[%¥] consists of all vertices lying on some * =¥

U
scvilsl= ¥
detour of &, while for ? rYyE stal=y] CAsetd

of vertices is a detour set if 5LS1=V. and the minimum
cardinality of a detour set is the detour number @7(G). A

detour set of cardinality@n(G) s called a minimum detour set.
The detour number of a graph was introduced in [3].

A vertex in a graph dominates itself and its
neighbors. A set of vertices S in a graph G is a dominating set
if N[S] = V (G). The domination number ¥(&) of G is the
minimum cardinality of a dominating set of G. The
domination number was introduced in [6].

I1. INDEPENDENT DETOUR DOMINATION
NUMBER

Definition 2.1:A detour dominating set S of Gis said to be an

independentdetour dominating set of G if the sub graph
induced by S is independent.
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Example 2.2: Consider the graph G in figure 2.3

Figure 2.3

{vs v2. 95} is 2 minimum detour dominating set of G and so
yan(G) = 3. Further, vy va, vy, v, 06,97, v} s 2 minimum
independent detour dominating set of G and hence
ign(G)=7.

Observation 2.4: The following results are observed.

1. All graphs do not possess independent detour dominating
set.

2. For a complete graph on p vertices, the vertex set V(G) is
the detour dominating set. But it is not independent and so a
complete graph has no independent detour dominating set.

3. If G contains at least two adjacent extreme vertices, then G
has no independent detour dominating set.

Problem 2.5: Characterize graphs with independent detour
dominating set.

Let ¢ denote the collection of all graphs having at least one
independent detour dominating set.

Definition 2.6: Let & ¢ then, the minimum cardinality
among all independent detour dominating sets of G is called
the independent detour domination number of G. It is denoted

by i42(G).An independent detour dominating sets of
cardinality f2n (G Jis called an fan — S€t of G,

Observation 2.7: Let & € £- The following are observed.

1. Every independent detour dominating set is an independent
detour dominating set G. Therefore,
2= y,(G) 2 i4(G) = p.

2. Every extreme vertex of G belongs to every independent
detour dominating set G.

3. Let S be the set of all extreme vertices of G. If it is an
independent detour dominating set of G, then S is the unique
minimum independent detour dominating set of G by
observation above.

4. If G contains a clique, then any independent detour
dominating set of G contains at most one vertex of the clique.
Therefore, If G contains a clique, and then at most one vertex
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of the clique is an extreme vertex of G. For, considering the
graph in figure 2.8

Let K denoted the sub graph induced by Vi ¥z ¥z ¥},
Then, ¥1 is the unique vertex of the clique K, belonging to any
detour dominating set of G.
5. The vertex of the clique belonging to any independent
detour dominating set of G need not be an extreme vertex of
G. For example, considering the graph in figure 2.9, let K
denote the sub graph induced by {¥1: V2. ¥a. U4 } Then, V1 is
the unique vertex of the clique K such that ¥+ belongs to the
minimum detour dominating set {Vs: Ve V7. Ve: Vip. Vs } of G.
But, it is not an extreme vertex of G.

Vg V1o vg

1 1 Vo vy v,

. e

>

~

1y [ vy vy s 2
; ., Yy Vg
5 Figare 1§ Vs Figure 2.9

Remark 2.10: Let G be a connected graph and G € ¢. Clearly,
every independent detour dominating set of G is an
independent dominating set of G. Therefore, the following are
true:

1. ign G} = iG]
2. If S is a minimum independent detour dominating set of G,
then IV — 51 is a dominating set of G.

Theorem 2.11: Let G be a connected graph with p vertices.
Let G e l:"TherL :‘di’!{a:] d_:]'i" _'}’{G:]-

Proof: Let S be a minimum independent detour dominating
set of G. By Remark 2.10, ¥(6) =V =51 Therefore,
y(6) = Wl =15l = p — i5,(6).
i4n(G) = p —v(6).

Equivalently,

Theorem 2.12: Let ¢ € ¢ and let S be an independent detour

dominating set of G. If SG) =k then V=5 js a
k — dominating set of G.Further,ig,(G) = p —¥:(G)

Proof: Let ¥ €5, S is independent and &G = k imply that
v is adjacent to at least k vertices of ¥ — - Therefore, ¥ =3 is
a k — dominating set of G and 50
1. (G) = IV =S| =Vl = I5] = p — i4,(6).
i4n(G) = p — ¥& (G,

Equivalently,
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Theorem 2.13: Let & € ¢ be a connected graphs with # = 3
vertices. Then, ian(6) =2 if and only if ¥zn(6) = 2.

t2n(6) = 2.Then, by Observation 2.7,
yanlG) = 2,

Proof: Suppose
2=y (6) i4(G) =2 g Conversely,
Suppose YenlG) =2 Let 5= {u.v} pe a minimum detour
dominating set of G. Since # = 3. IV — 51 # 8. Fyrther, every
U — ¥detour
dlu,v) = 2. Then, fw. v} js an independent detour dominating

set of G and fen(G) = 2 By Observation 2.7, tzn (6) = 2.

contains at least one more vertex and

n—4
- —|+2 ifn=5
:dr!{f;!:] = { [ 2 ] + ) fn
Theorem 2.15: 2 ifn=3or4
Proof.Let Fr = {¥e. vz vz wea} If n = 3 or 4, then

{¥1:¥n} is a minimum independent detour dominating set of
F. therefore, ienB) =ian(B) =2 et m = 5We observe
that every independent detour dominating set of Bis a
independent dominating set containing the end vertices of Fu-
Let Dibe a minimum independent dominating set containing
vy Y Therefore, | Pil =151, As D1 is also a independent

detour dominating set of G,¥1=1D:l- So, we have,
ianB)=151=1D) et D be a

minimum
independentdominating set of FiThen,
Dl = [4] ifn =1 (mod 3)
| Dy| = :
: Dl +1= E] +1 otherwise
=+
=1z (By Remark 2.16)
n—4
i = 2
Therefore, an (B:) [ 3 ]+
Remark 2.16:
g [3] if n=1(mod 3)
[ 3 ]+ 2=17
E] +1 otherwise
Theorem 2.17: For 7 = 3:ign(Fn) = ¥an (Fr)
Proof: Let n=3 and let B =wnvaewml  f
n=00med 3) [or n =1(mod 3) orn=2(med3) then
S={rn v 2 Vp_z. Vnlor
5= '['l:-'j_.- Tigs o ann wnn an 2 Py_3a Uﬂ} or
S={ve v Vn-aVn-2:¥a) is a minimum detour

dominating set of G. Also, S is independent. Therefore,
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:'dﬂ'ff;!:] = '}’dn{:::'!:].
:-di’!{‘r::’!:] = '}’di'!{':::’!:]'

Hence, by  Observation 2.7,

Theorem 2.18: Let .1 = 2. Then, i (Kmn) = min{m, n}.

Proof: Let VW pe the partition of V(Knn) with 101 =m
and W =n. et s be an independent detour dominating set
of Kmn: Then, either 5 =U or =W For if S is a proper
subset of UCor W then the vertices of U —5 (or W —5)
are not adjacent to any vertex of S. Therefore,
ign(Kmn) = min{|U]. |W|} = min{m,n}.

Theorem 2.19: Let G be a connected graph on p vertices.
Then, 6" € { and izn 67 ) =p.

Proof: Let V(6) = {ve vz i) gnd W Wai Wy e

the end vertices attached to ¥ ¥z -+ Vs respectively in &
Then, 2 = {We. Wz, ... Wp } s the only minimum independent

detour dominating set of ¢~ and gg ign(G*) = p.
Proposition2.20: For a star graph G, then ien(6) =p — 1.

Proof: Let G = Kin with V&in) ={vvi: 1 =i =njyy
ERp)={vwiil=t=n] 1ot 5 pe a
independentdetour dominating set of Kin: By Observation
2.7{V1: V2. Vg oo ¥n } € 5. Since {Vio V2o Voo woe v n T} itself
is a independentdetour dominating set of Kin | 5 =
-+ ¥} Therefore, tan(Kin) =n =p-1

minimum

{¥1 Vg Vao o
Proposition2.21: If G is a bi-star graph G, then
fdﬂ{G]=p—2.

Proof: Let G =B0s)where 75=1  Suppose

L’{B{r,s:]:] = {u,v,u[,lz'[ lzizrondl =j= s}and
E(B(r.s)) ={uvuu,vr;:1=i=rand 1=/ =5) g5

be a minimum independentdetour dominating set of B (r.s).

By Observation — 2.7.{%1:Uzs v wee Uy Viu Voo von o U F £ 5
Since  {Mu g Un VLoVl s jtself  a
independentdetour dominating set of
G,S = {UgUgs v Uy, Vg, Vg e Vg Therefore,

fdﬂ{B{r,s:]} =p—2
Theorem?2.23: Let G be any graph with k support vertices and
[ end vertices. Then,

I< ignB)=p—k
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Proof:LetL and K denote the set of all end and support

vertices of G respectively and!L! = I K=k Clearly,

I=k

By Observation 2.7, L is a subset of

everyindependentdetour dominating set of G. So, fan(G) =1,
Further every vertex of K lies in a double geodesic joining two
vertices of L as well as independent dominated by the vertices
of L. Therefore, it is clear that ¥ — K is anindependentdetour
dominating set of G and SO
tgn(6) =1V — Kl = Wl - |IKl = p — K Hence the proof.

Corollary 2.24: Let T be any tree with k support vertices and

I end vertices such that! + & = 2- Then, ian (61 = p — k.
The following example shows even if
I+k=<p i46)=p—k

Example2.25: consider the graph G in figure 2.23(a)

Ty V1g

v, v; Vg
§ ! Figure 2.23 (a)

Clearly, 5 = {vy v v v, Vo Vi gy Vg ) is
aien Gl =8=IV—-K|

Remark2.26: In the above theorem, both the upper and lower
bounds for i5s£G") are sharp.

For example, consider ¢ =Pz, G.G" and G are as in figures
2.24(a), 2.24(b) and 2.24(c) respectively.

@—0—0—@—0——@—0——@

v, v, V3 Vs Vs Vg v7 Vg

G Figure 2.24 (a)

{v1. ¥4 v Ve lis a independentdetour dominating set of Fz.

7 E-4
Therefore tan(R) = [,—] +2=2+2=4

\J

2 vy V3 Vy Vs Vg V7 vy

G' Figure 2.24 (b)
{v.v1.%. v Ve lis a independentdetour dominating set of& .
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Therefore,ian (61 =5 = i4(F) + 1.

v

L£1 V2 V3 Vs Vs Ve vy vg

G'' Figure 2.24 (c)

{v. v, vs. velis a independentdetour dominating set of &
Therefore, ian(G™) = 4 = i, (F).

Theorem2.27: If a vertex is joined by an edge to any vertex
offn: where n =3k +1and k= L then for the resulting
graph &' =B = Ky tgn(G7) = ign(Fy) + 1.

Proof:

Case 1: suppose G’ js the graph obtained form B, by adding
an edge to one of the end vertices of 158

In this case, & = Pa 1. Therefore,

0 (6) = 1) = [ 4 2= [ 4 2=
] +2=k+2
and

fmmj=uggj=P€j+Q=[%—a

Hence, ian(G") = i2,(G) + 1.

Case 2: Suppose G' s obtained by adding an edge to one of
the internal of F.

In this case, the number of end vertices of 6" s 3, Therefore,

every minimum independentdetour dominating set of &'
contains these three end vertices. Clearly, any minimum

independentdominating set of a path of ®—4 or n—3
vertices along with these three end vertices forms a minimum

independentdetour ~ dominating set of &' and  so
(@) =3+[F] =3+ [ =3+k-1=k+2=
i4n(G) + 1,

i i ]

asl z | = 1z lwhen n =3k + 1.

11l. CONCLUSION
Domination not only in Graph Theory but also in real

life Problems plays a vital role. It helps to solve many real
lifesituations.
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