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Abstract- In this paper, we discuss periodicity and stability of
solutions of first order neutral differential equation involving
piecewise constant deviating arguments. Examples are given
in support of the results.
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1. INTRODUCTION

There has been considerable interest in the study of
periodicity and stability of neutral differential equations. This
is due to the importance of neutral differential equations in
representing biological systems, processes including steam or
water pipes heat exchangers, distributed networks containing
lossless transmission lines, etc. [9] These time delays may
cause instability and poor performance of the system. So the
delay differential equations gives a better description of the
system than the ordinary differential equations. In [1], [3], [4],
[7] delay differential equations with piecewise constant
arguments are studied. In [6], [11], [13],[14], [15] existence of
positive periodic solutions of first order neutral differential
equation is studied, while in [5], [8], [10],[12], [14] stability
analysis of neutral differential equations are studied. The
purpose of this paper is to study periodicity and stability of
solution of neutral differential equation (NDE) of the type:

Z1x(@) - @ x([h] = pOF (x@D), 20,
)

where a € C([0.0).(0,0)).peC(RWO.®).f s 4

continuous function from R* to R and [.] denotes greatest
integer function.

The paper is organized as follows: In section 2, we
give some prerequisites required for proving the main
theorem. In section 3 and 4, we give the main results on the
periodicity and stability of the NDE (1) respectively. In
section 5, we give examples in support of the results.

I1. PREREQUISITES
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In this section we present the preliminaries required
for the main results of this paper. First, we define a solution of

).

Definition 2.1: A solution of equation (1) on [0.%9) s a

function (z] that satisfies the initial condition
x(0) = xoand the conditions:

o s continuous on 102

o The derivative * () exist at each point© & [%%) with

the possible exception of the points [t] € 10.%) where
one sided derivative exists.

e Equation (1) is satisfied on
[n.n+ 1)  [0,)

each interval

* with integral end points.
We require following results.

Lemmaz2.2 (Krasnoselskii’s fixed point theorem) [9]:

Let £ be a nonempty complete convex subset of a
normed linear space X. Let T be a continuous mapping of &
into a compact subset of - Let ¥*K =X he a contraction
mapping with Lipschitz constant & and let 7% +5¥ € K for gl
*.¥ € K. Then there is a point ¥ € & such that Tw + Su = u.

Lemma 2.3(Contraction Mapping Theorem) [8]:

Let F be a continuous mapping of a complete metric
space X into itself, such that F~is a contraction mapping of £
for some positive integer k. Then £ has a unique fixed point.

Theorem 2.4 The unique solution of (1) with initial condition
:Xf(ﬂ} = :}:.'[,7 (2)
on [0, T1 s given by
(1]
o(t) = ML A, i + 1)]F (G — 1.5). (3)
j=0

where F(—=1,0) =x(0) ang for j =1
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j t
Flj-Li)= | {fluali=D)-pllalulli-D)e P
j-1
4[_.‘ i+ J.l:l = [r.l[f -+ J-,' - “_ — ﬂ[n’]]:"_-'lli.ll p-:.-cflu'.-\.-l.

Proof: The proof can be easily obtained by the method of
steps.

Let I' be the set of all continuous periodic scalar functions

x(t) with period @(= 0). Then, (111} is a Banach space
with supremum norm

||-T|| = SUpreg |-1":t:] |: Supren] |x{t:] | (4)

Let X. T, LY be positive constants. We assume the following
conditions:

vijalt + @) = a(t) gng p(t + w) = p(t),
v2] F(Ex(ED)) s a periodic function in t with
period 2,

“p(s)d
V3] ??1a,r:te[0m§|e-ﬁn G P R [ i £ 0.

M bea
step function defined from & to R satisfying (e, 1) property.
ie. M+ @ ="niiwhere it = {0.1,2,3, ..} ang L€ N,

[\V4] The following condition is taken from [2].

i
. ds,
la@)ll < % llp@ll < o . lle~ P %) < 4.

[Vvs]
[V6] function fatisfies the following globally Lipschitz
condition:

[f(t,z) = F(Ey)|| < La||z —y]].

For the proof of the main theorem on periodicity, we require
the following lemma.

Lemma 2.5: Let conditions [V1]-[V4] holds. If X € T, then X
is a solution of (1) iff

t+w e
o{t) = alt)xi[t]) + p [ fl:.lr..l'””]];l{_-ru el
J

t4uwr o .
- [ }J(u]:rl;u].l'{[lr]]f'_-]Iu‘_"""‘"“|Fu. (5
Ji

Proof: Let ¥(£) €T pe a solution of (1). Then
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[x(t) — a(t)z([t])]" + p(t)[z(t) — a(t)z([t])]
= f(t.z([t])) — p(t)a(t)=([t])-

IIII ‘ pls)ds

Multiplying both sides with ©" we get,

{[x(t) — a(B)z([t])]es 7217
= {fit.=([t])) - ,rJ{i]n[i].r{}]]}f..f.. pis)ds
Integrating from £ to £ + @,

Tt +w) — alt + wz([t + :,-;|}r-JI-.- “ pls) ds

- )+ {rU}.J'[[f|}r«-Iu.- pla) do
e w .
= / [l zi[u])) — IrJ{|r;||f|:_|r;u'|;[r.'|)|{--II-.| i 7
Ji

i3_){5] de

From [V1], [V4] and dividing by t’-ﬁ] we have,

[z(t) — a(i),c([t})i(eﬁum p(s)ds 1)

t4w ¢
- / [F (s x([u]))]e™ o 7€)% du

ttw :
B /f p(w)a(u)e(ful)]e” J- P * qu.
From [V1] and [V3],

[z(t) — a(t)z([t])]
t+w .
= [ Vs O d

t+w :
B /i p(u)a()e(ful)le” S "% du,

= |~

£(t) = a(t)=([t)
+u / " e e g

—p / " b aa T g,

Hence (5) holds.

Now if (5) holds, then () s a solution of equation (1).
Hence the proof.

We now define a mapping & by

t+w

E)0) = a@u(®)+n [ s y(ule 2P0 %
Ji

t+w : .
—p [ [p(u}a(ﬂ}y({u]]]c:‘._fu P gy (6)
Ji
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where ¥ € L. then  (G¥)(8) s periodic.
We write

(Gy)(t) = (Dy)it)+ (Cy)it),

where . I : " — T" are given by:

(Dy)(2) = alt)y([t]) and

) bk ; f‘ i3 s
(Cy)t) = “/ Fluy(ful))e I 9% du
t
itw ey
—#/ p(u)a(w)y([u])e Jor@de gy
t
Remark 2.6:
1. © is continuous and ¥ is contained in a compact
set.

2. For ® < L. s 4 contraction.

I11. PERIODICITY

In this section we give results for & - periodicity of the
solution of equation (1)

Theorem 3.1: Suppose conditions [V1]-[V6] holds. Let M pe
a positive constant satisfying the inequality ¥V + xM =M,
where N = pyfosM + LM + dlw and % < L.Consider
k={yer: ||l"|_| = ‘1} then (1) has a solution in K-

Proof: Consider 2. €'+ ' —= L. then by Remark 2.6 we have,

o £ iscontinuous and ¥ is contained in a compact set.

e D isacontraction.

Observe that,

UF eyl = 1 (u, y([u]) — £, 0) + f(u.0)]],
< 1S (s y([u])) — S (w, 0)]] + [ (2, 01,

< La(y([u])) + 8,

JE = SuprE[ﬁ,m}f{tJ }’(t}}‘

where

e " p(s) ds
HCyY®I = |l / [ty e du
g
t4w e
—H [ [plu)alu)y([u])]e” R LENT
o1
< pyloeM + LI1M + Blw=N.
Therefore,
[[Cy+Dz|| < ||Cyll+[|D=]],
< N+&M,
< M.
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Hence, using Krasnoselskii’s theorem there exists a fixed
point X€ K such that ¥ = Cx + Dx and this fixed point is

& -periodic solution of (1) by Lemma 2.5.

Corollary 3.2 Suppose conditions [V1]-[V6] holds and
k< 1.1fx + pylox + Ly Jw < 1 then the equation (1) has
a unique -periodic solution.

Proof: Let us consider ¥-Z €T pe two the solution of (1).
Let the function & be defined by (6). Then,

|Gy — G=|| < |la(t)y([t])

t+w -
+p / [f (u, y([u]))]e [, perds g
Ji
t+w it
—p / [p{u}a(u)y{:u])](_-‘_-Iu P(s)ds g,
= t+w . 9 d
—{a(t)z([t]) + p / [f(u, 2([u]))]e” fe du}
Ji

t4w “E
—p / [plu)a(u)z([u])]e” J.r® d'?ldu} I
Ji
(k + aq[or + Lijw)|[y([t]) — 2([D]I-

| A

Hence, by contraction mapping theorem we get

¥ = Z which completes the proof.
IV.STABILITY

We now establish a result giving sufficient condition
for stability using fixed point theorem. Consider the equation
(1) with the initial function X(t) = (£) for te(—co, 0lyye
will use the contraction mapping principle to prove asymptotic
stability of neutral differential equation with piecewise
constant argument. We need the following definition.

Definition 4.1 Let y(£): [=92, 0] = R e a given continuous
bounded initial function. We say X(£) =x(£,0,%) js a
solution of (1) if X(t) = ¥(£) for te(—o2,0] and satisfies (1)
for £ = 0. We say that the zero solution of (1) is stable at o if
for each &= 0ithere is & =8(s) =0 that
v:(—oo,0] = R ||}"|| <&
lx(t, to, 1) | < &

Without lost of generality we will state and prove the result for
t, = 0.

Let C(In.n + 1). R) pe set of continuous bounded functions
with the norm defined by 13 1] = Supe g sy 9 @)1, Then
C (ln.n + 1), R) js a Banach Space.

such

with on (=2, to] implies
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We now define the subset of C ([ + 1). B) a5 follows:
Ky ={¥n = w(® e ((lnn+ 1:]43):_‘}-‘ﬂ':t:] = 0oz &= :::,:l‘.;7
the( Kn:1l-11)is a Banach space.

2 ple) ds

VT ] fi] p(s)ds > 0,limy_ce -f:fl =1k

[V8 ]limy_ ea(t) =0.

VO J[k+oy(Li+1+ k)] < 1.
Let [V 1] (L1 )]
Theorem 4.2: If [V4]-[V9] holds, then every solution
x(t.0.¥) of (1) with small continuous initial function¥(t) is
bounded and approaches zero ast — . Moreover the zero
solution is stable at fo = 0.

Proof:  Consider map B Kn = C(ln.n + 1L Ry defined as

follows:

If t = nthen (B3, (£)) = (B, _, )3, () ).

fort £ [n,n+1)

(Pr)(yn(t)) = a(t)yn(n) + | :;n(n}—a(ﬂ}‘;n(n} frp s

[ [f(u, yn(n) — p(u)a(u)yn(n)]e ,f" Ps)ds gy,

For ¥ € Kn with %=1l £8 for & = 0 B.(3%) is continuous.
Also,

I[P (g (8]
= |la(t)yn(n) + [yn(n) — a(n)yn(n)]e

i
+ / [£(u, yn(n) — p(u)a(u)y,(n)]e” Jopte s dul|,

—Lgu‘i ds

< [k+(L+&)y+y(or+ Li)]d + B,
where B = Supecro.uf(t.ya () and

[ + (1 + )y + ylox + L1]16 + By = £ and which gives
B, (%) is bounded. Also,

||!Iiﬁ'?g__,c,cpuyrl(t)|| = ”

Now we will show that (¥ (£} is a contraction under the
supremum norm.

Let{.n € Ky
Pn(((®) — Pan@)Il =[x+ (1+K)y
+7(ok + L1][|¢(n) —n(n)|],
< L|[¢(n) —n(n)]|.
where  L=[s+ (1 +ry+7ler+Li] <1l Thus, by the

contraction mapping principle = has a unique fixed point in
K which shows that (1) is bounded and tends to zero
as £ =  Hence the zero solution is stable.
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V. EXAMPLES

In this section we provide examples in support of the
two results established in section 3 and 4.

Example 1:
Consider the following equation,

z(t) — ml’{]“{‘}” ([t])] = —cos(wt)x(t) — L=l ([1]

where ¢ > 0, w is positive constant.

sin(wt)
Here a(t) = 557~

, p(t) = coswt and

ft,z([1]) = — 2556z ([t])-

Clearly [|a(t)]| < k =0.02, ||p(t)|| < o = 1 and

f s periodic and sat]sﬁes globaH) Lipschitz condition.
The solution z(t) = e~ = which is periodic with period .

Example2 : Consider the following equation,

2 [z(t) —

) 85 0 .So

()] = —wa(t) + (52)=([t]),

Heret > 0,and 0 < w < 1, a(t) = 22, p(t) = w and
(& ([t])) = (%32)=([t])-

Clearly ||a(f)]| < &, |[p(t)]| £ 0 =w.

Also, limy—oca(t) = 0 and

limy—y c€™ [[:] plu)du = 0.
Hence the solution =(t) = e~“* is asymptotically stable.

VI. CONCLUSION

Periodicity of solutions of first order NDE with
piecewise constant deviating argument of the type (1) is
obtained under suitable conditions by employing
Krasnoselskii’s fixed point theorem. The stability of a zero
solution of (1) is discussed by using the contraction mapping
theorem.
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